Introduction
We will consider the following initial and boundary value problem:
(
1.1) u tt -a(t)^u rr + = f(r,t,u,ut), 0<r<l,0<t<T, (1.2) | lim Vnv(r,i)| < +oo, u r (l,t) + h(t)u(l,t) = g(t),
r->0+ depending only onr= y/x 2 + y 2 and time t. The conditions (1.2) on the boundary of S(r -1) and at center of S describe the elastic constraints, where the functions h(t), g(t) have a mechanical signification.
In case of equation (1.1) not involving the term £u r and let a(t) -1 we have (1.4) u tt ~ U rr = f(r, t, u, u t ), 0 < r < 1, 0 <t<T.
The one-dimensional nonlinear wave equation of form (1.4) has been studied by many authors, for example with / = -|u| a sign(u), 0 < a < 1; [7] ; / = f(t,u) [3] ; / = f(t,u,ut) [4] ; / = -M<*sign(ut),0 < a < 1 [1] , [5] , [7] ;/(«,ut) [6] , [9] , [10] ,...
In case of the term appearing in the equation (1.1), we have to eliminate the coefficient £ by using the Sobolev spaces appropriate weight, (see [8] ). On the other hand, the problem (1.1)-(1.3) with the nonlinear term / = f(r, t, u, ut) defined by continuous function of four variables is not studied completely yet.
In this paper, we study the problem (1.1)-(1.3) with some forms of the nonlinear term / associated with some homogeneous and nonhomogeneous boundary conditions of form (1.2).
In the part 1, we study the problem (1.1)-(1.
3) with / = -F(u) + /i(r,t), F(u) bounded by the power function |w| 9 , q < 2 and with auxiliary conditions on /i, F. This problem is associated with nonhomogeneous mixed boundary condition. By the Galerkin and weak compactness methods we prove that for this problem there exists a weak solution in the Sobolev spaces with appropriate weight. In the case of a(t) = 1, h(t) = h > 0 (positive constant), we prove that the solution obtained above is unique.
In the part 2, we consider the problem (1.1)-(1.3) with / = -\ut\ a sign(ut) + fi(r,t), 0 < a < 1, associated with a homogeneous mixed boundary condition. By the Galerkin method and monotonicity argument, we prove that the problem (1.1)-(1.3) has unique weak solution in the Sobolev spaces with weight. The results obtained here relatively generalize the ones in [1] , [3] - [7] , [9] , [10] .
Preliminary results, notations, function spaces
Put Q = (0,1), we omit the definitions of usual function spaces: We denote by || • ||x the norm in the Banach space X. We call X' the dual space of X. We denote by L p (0, T; X), 1 < p < oo for the Banach space of the real functions / : (0, T) -> X measurable, such that Let u(t), u'(t) = u t (t), u"(t) = u t t (t), u r (t), u rr (t) denote u(r, t), ^ (r, t), |a(r,t), 0(r,i), respectively.
Study of the case / = -F(u) + fi(r,t)
In this part, we consider the following initial and boundary value problem We make the following assumptions:
(Hi) 
:(u'(t), v) + a(t){u r (t), v r ) + a(t)h(t)u(l,t)v(l) at + (F(u(t)),v) = (h(t),v) + a(t)g(t)v(
and the initial conditions We then have the following theorem. Proof. The proof consists of several steps.
Step 1 
3=1
where c m j (t) satisfy the following system of nonlinear differential equations 
It is clear that for each m there exists a solution u m (t) in form (3.7) which satisfies (3.8), (3.9) a.e. on [0,Tm] for some T m , 0 < T m < T. The following estimates allow one to take T m = T for all m.
Step 2. A priori estimates. Multiplying the jth equation of the system (3.8) by c' m j(t) and summing up with respect to j, we have
By the assumption (Hi) and (3.13) we have
(t) <C s + S m (t).
It follows from (3.10), (3.15) that Using a compactness lemma [7] (J. L. Lions, p. 57) applied to (3.32), (3.33), we can extract from the sequence {it m } a subsequence still denotes by {u ro }, such that 
Because F is continuous, then (3.37) F(u m (r,t)) F(u(r,t))
a.e. in Q T .
We shall now require the following lemma (See [7] 
41) ^ (u'(t), v) + a{t){u r {t), v r ) + a{t)h{t)u{ 1, ¿)u(l) + (F{u(t)), v) at = {flit),'") + o(t)g(t)v( 1), for all v 6 V, u(0) = Uq, u'(0) = ui.
The proof of Theorem 1 is complete. 
Then, we have
1, h (3.43) -\\ u '(t)r+-\\ Ur (t)r+^(i,t) > ^Kf 1 h 1 + 0IKorll 2 + xtig(l) + \(f(s),u'(s)) ds, a.e. t € (0,T). J z 0
Moreover, if uq = u\ = 0, the (3-43) becomes an equality.
Proof of Lemma 4. Fix ti, ¿2» 0 < ii < ¿2 < T and let v(r, t) be the function defined as in [7] Prom (3.48) we obtain (3.43) by taking t2 -t and passing to the limit as ti -• 0+ and using the property of weak lower semicontinuity of two functionals ||v|| 2 and ||vr|| 2 + hv 2 {\).
In the case uo = «1 = 0, we prolong u, / by 0 as t < 0 and we deduce equality (3.48) is true for almost every t\,t2 < T. For ti < 0 in (3.48), its right-hand side is 0, we take ti -> 0_ and we have equality (3.43) when «0 = Ui = 0.
The proof of Lemma 4 is completed.
Remark 3. Lemma 4 is a generalization of a lemma contained in Lions's book [7] . Now, we will prove Theorem 2. Let u\ and U2 be two weak solutions of problem (3.1)-(3.3) . Then w -u 1 -1x2 is a weak solution of problem Prom Gronwall's lemma, we deduce that Z(t) = 0, i.e. ,u; = 0.
The proof of Theorem 2 is completed.
Remark 4.
We consider the following function
Then, F satisfies assumptions (H5). Furthermore, if 2 < p < 3, then F satisfies assumptions (H5) and (He).
The following theorems are the consequences of Theorem 1 and Theorem 2, respectively. 
Then, the following initial and boundary value problem (3.53) < 1 utt -a(t)(urr + -ur) + \u\ p 2 u = fi(r, t), 0 < r < 1, 0 < t < T, r Then, for every h > 0, the following initial and boundary value problem (3.55)
I lim y/ruT(r,t)I < 00, ur(l,t) + h(t)u(l,t) = gft),
Utt -( Urr + -Ur ) + |u| p_2 u = fl(r,t), 0 < T < 1, 0 <t<T,
| lim y/rur(r,t)| < oo, ur(l,t) + hu(l,t) -g(t), i->0+
k u(r, 0) = u0(r), ut(r, 0) = ui(r), admits a unique weak solution u satisfying (3.6).
4. Study of the case / = -|ut| a sign(ut) + /i(r,i), 0 < a < 1 In this part, we consider the following initial and boundary value problem REMARK 5. The nonlinear wave equation
(0 < a < 1) associated with some mixed boundary conditions has been studied by many authors. However, these problems are solved in usual Sobolev spaces. (See [1] , [5] , [7] ).
Proof. Proof consists of several steps.
Step 1. Proceeding as in the proof of Theorem 1, we also find a Galerkin approximate solution u m (t) of (4. Step 3. The limiting process. Prom (4.13) and (4.14) we can extract from {u m } a subsequence still denoted by {tt m } such that The existence proof is completed.
Step 4. Uniqueness of the solutions. Let «i and U2 be two weak solutions of (4.1)-(4.4). Let w = u-i -u2, then w is a weak solution of the following problem which implies w = 0, i.e., ui =u2. Therefore, Theorem 5 is proved.
